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Abstract
On the basis of the U–matrix form of s–channel unitarization, we consider con-
straints unitarity provides for the spin structure function g1(x,Q
2) at x → 0. Corre-
sponding constraint for the spin structure function h1(x,Q
2) is given along.
PACS: 11.80.Fv, 13.60.Hb, 13.88.+e spin structure functions, unitarity, low-x
The problem of spin structure of a nucleon during the last decade has become a very
significant one. Experiments in this field continue to bring new facts which can change
earlier interpretations. As it appears now, the behaviour of the function g1 at x → 0 is
becoming crucial in the evaluation of the total hadron helicity carried by quarks. Recent
experimental results indicate that the function g1(x) might have a rising behaviour at x→ 0
[1] contrasting to a smooth Regge dependence g1 ∼ x−αa1 (with −0.5 < αa1 < 0) used in the
experimental analysis. Indeed, the dependence gn1 (x) = −0.2/x0.8 observed at small x in the
experiment E154 at SLAC [1] when taken as an extrapolation to x = 0 could significantly
change the first moment of the structure function g1. Thus, the problem of small-x seems to
be important in both cases of unpolarized and polarized DIS.
It has been discussed in several papers basing on some general considerations [2], DLA in
QCD [3] and on the model approaches [4, 5, 6]. Various forms have been discussed including
the extreme one xg1 ∼ log2 x. In this note we consider bound for g1 by taking account of
unitarity in the direct channel. Corresponding constraint for the transversity h1 is given
also.
For that purpose it is convinient to use the relation between the distribution functions
and the discontinuites in the helicity amplitudes of the forward antiquark–hadron scattering
[7] which is based on the dominance of the “handbag” diagrams in DIS:
q(x) =
1
2
Im[F1(s, t) + F3(s, t)]|t=0
∆q(x) =
1
2
Im[F3(s, t)− F1(s, t)]|t=0, (1)
where s ≃ Q2/x and Fi are the helicity amplitudes for the elastic quark–hadron scattering
in the notations for the nucleon–nucleon scattering, i.e.
F1 ≡ F1/2,1/2,1/2,1/2, F2 ≡ F1/2,1/2,−1/2,−1/2, F3 ≡ F1/2,−1/2,1/2,−1/2, F4 ≡ F1/2,−1/2,−1/2,1/2
and
F5 ≡ F1/2,1/2,1/2,−1/2.
We consider a quark–hadron scattering similar to a hadron–hadron scattering. It can be
justified when considering quark as a structured hadronlike object. Arguments in favour of
such approach can be found in [8, 9]. We do not discuss here a possible influence of the
off–mass–shell effects.
Unitary representation for helicity amplitudes in the U–matrix form of unitarization
provides the following relations [10] in the impact parameter representation:
FΛ1,λ1,Λ2,λ2(s, b) = UΛ1,λ1,Λ2,λ2(s, b) + iρ(s)
∑
µ,ν
UΛ1,λ1,µ,ν(s, b)Fµ,ν,Λ2,λ2(s, b), (2)
where λi and Λi are the quark and hadron helicities, respectively, and b is the impact pa-
rameter. The kinematical function ρ(s) ≃ 1 at s≫ 4m2. Explicit solution of Eqs. (2) has a
rather complicated form:
F1(s, b) =
U˜1(s, b)[1− iU1(s, b)]− iU˜2(s, b)U2(s, b)
[1− iU1(s, b)]2 − [U2(s, b)]2 ,
1
F3(s, b) =
U˜3(s, b)[1− iU3(s, b)]− iU˜4(s, b)U3(s, b)
[1− iU3(s, b)]2 − [U4(s, b)]2 ,
where
U˜i(s, b) = Ui(s, b) + 2U5(s, b)F5(s, b)
and
F5(s, b) =
U5(s, b)
[1− iU1(s, b)− iU2(s, b)][1− iU3(s, b)− iU4(s, b)]− 4U25 (s, b)
.
However, in the approximation when the helicity-flip functions are much less than the helicity
nonflip ones one can get simple expressions
F1,3(s, b) =
U1,3(s, b)
1− iU1,3(s, b) . (3)
The functions Fi(s, t) are the corresponding Fourier–Bessel transforms of the functions
Fi(s, b):
F1,3(s, t) =
s
pi2
∫
∞
0
bdbF1,3(s, b)J0(b
√−t). (4)
Unitarity requires that ImU1,3(s, b) ≥ 0. Assume for simplicity that the functions U1,3(s, b)
are pure imaginary, i.e. U1,3(s, b)→ iU1,3(s, b), and parametrice these functions in the form
U1(s, b) =
1
2
(1− a)U(s, b) (5)
U3(s, b) =
1
2
(1 + a)U(s, b), (6)
where the function U(s, b) correspond to the unpolarized case and |a| ≤ 1. To maximaze the
difference U3(s, b)−U1(s, b) = aU(s, b) we consider a as a constant. For the function U(s, b)
we use simple form
U(s, b) = gsλe−µb. (7)
This is a rather general parameterization for U(s, b) which provides correct analytical prop-
erties in the complex t–plane. It follows also, for example, from the chiral quark model
for U–matrix [11]. Note, that the following spectral representation is valid for the function
U(s, b) [12]:
U(s, b) =
pi2
s
∫
∞
t0
ρ(s, t)K0(b
√
t)dt. (8)
Another form of U(s, b), e.g
U(s, b) = gsλe−b
2/ω(s), ω(s) ∼ log s,
which also leads to the total cross–section saturating the Froissart–Martin bound would
provide the same results, however, it does not respect analytical properties in the complex t–
plane. Indeed, as it follows from Eq. (8) the function U(s, b) should have a linear exponential
dependence on the impact parameter at large b.
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Then using Eq. (7) as an explicit form for U(s, b) in Eqs. (3) and (4) it can be shown
that Eqs. (1) provide at x→ 0
∆q(x) ∼ a/(1− a2)log x/x for |a| 6= 1
∆q(x) ∼ log2 x/x for |a| = 1 (9)
and
q(x) ∼ log2 x/x. (10)
Since the above result are valid for each quark flavour the similar behaviour at x → 0 will
take place for the function g1(x). Thus, unitarity together with parameterization of the U–
matrix which provides saturation of the Froissart–Martin bound lead to the following upper
bounds for the structure function g1(x):
g1(x) ≤ log x/x (|a| 6= 1) (11)
and
g1(x) ≤ log2 x/x (|a| = 1). (12)
The latter bound has been obtained earlier in [2].
Using the relation between the function hq1(x) and corresponding quark–hadron helicity
amplitude F2(s, t) [7]:
hq1(x) =
1
2
ImF2(s, t)|t=0 (13)
we can get similar upper bound for h1(x) at small x. This function measures the number
density of quarks in the transversity eigenstates and is determined as a matrix element of
the twist–two transversity operator.
The unitary representation for the function F2(s, t) has the following form [10]:
F2(s, t) =
s
pi2
∫
∞
0
bdb
U2(s, b)
[1 − iU1(s, b)]2J0(b
√−t). (14)
Using Eqs. (13), (14) and proceeding through the same steps as in the case of g1(x) we
arrive to the following extreme behaviour of h1(x) at x→ 0:
h1(x) ∼ log x/x. (15)
Such behaviour of h1(x) could be considered, in particular, as an indirect confirmation of
the inequality obtained in [7].
To have such upper bounds seems to be useful nowadays when the experimental data
indicate the possible rising behaviour of g1(x) at small x and the studies of h1(x) are planned
at RHIC.
The author is grateful to N. E. Tyurin for his helpful comments and discussions.
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